Chapter 9: Indefinite Integrals

MATH1520 University Mathematics for Applications Spring 2021

Learning Objectives:

(1) Compute indefinite integrals.

(2) Use the method of substitution to find indefinite integrals.

(3) Use integration by parts to find integrals and solve applied problems.
(4) Explore the antiderivatives of rational functions.

9.1 Antiderivatives

Definition 9.1.1. A function F'(z) is called an antiderivative of f(z) if

F'(z) = f(x)

for every x in the domain of f(z).

Example 9.1.1.

1. F(z) = $23+52+2is an antiderivative of f(z) = z2+5, since F'(z) = (32°+52+2)' =
2% +5.

2. ¢" is an antiderivative of ¢, since (e*) = e”.

Theorem 9.1.1 (Fundamental Property of Antiderivatives). If F'(x) is an antiderivative of
f(x), then all antiderivative of f(x) can be written as

F(x)+ C, C'isan arbitrary constant.

Proof. 1. For any constant C,
(F(z)+C) = F'(z) = f(),

so, F'(z) + C is an antiderivative of f(x).

9-1



Chapter 9: Indefinite Integrals 9-2

2. For any antiderivative G(x) with G'(z) = f(x),
(G(x) = F(2)) = f(z) — f(z) =0,
then, G(z) — F(z) = C for some constant C'.

Thus, the general antiderivative of f(z) is F'(z) + C, C € R. O

Definition 9.1.2. The indefinite integral of f(z) is the collection of all antiderivatives of

f(x), denoted by
[ t@)as.

where / is the integral symbol, f(x) is the integrand, and dx identifies x as the variable of

integration.

The process of finding all antiderivatives is called indefinite integration.

Remark. It is useful to remember that if you have performed an indefinite integration
calculation that leads you to believe that / f(z)dx = G(z) + C, then you can check your
calculation by differentiating G(z):

If G'(x) = f(x), then the integration /f(x) dx = G(x) + C is correct, but if G'(z) is

anything other than f(z), you've made a mistake.

Fl(z) = f(z) = '/f(x)d:z?:F(m)JrC

The fact that indefinite integration and differentiation are reverse operations, except for
the addition of the constant of integration, can be expressed symbolically as

< [ [ 1@ dx] — f()

and
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9.2 Basic integration formulas

The relationship between differentiation and antidifferentiation enables us to establish the
following integration rules by “reversing” analogous differentiation rules.

Theorem 9.2.1.

1. /k dr =kx+C  forconstant k.

" xn+1
2. /1’ d$:n+1+C’ foralln # —1
1
3. /:de:ln|3:|—|—0 forall = # 0.
/e”” de =¢e"+C,
4.
/axd:n :ﬁax+0 a>0,a# 1.
Theorem 9.2.2.
1. /k:f(x) dx =k / f(x)dx, (constant multiple rule)
2. /(f(x) +g(x))dx = /f(x) dazi/g(z) dzx, (sum/difference rule)

Caution: Both sides of the equality involve constant C.

Example 9.2.1.

1.
/3x7dx:3/aj7dx
3
T
=3-—+C.
3 +
2.
/1dx—/:1:_1/2d:c
NZ
_ L g
—1/23: +C.

=2yr+C
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/(2x5+8$3—3$2+5)dx:2/x5dx+8/:c3dx—3/az2dx+/5dx (No need to add C)

6 4 3
=2 (Z) +8 <‘Z> -3 <z> + 52+C (Add one C)

1

:§x6—|—2x4—x3+5x+0.

4.
3 —
/(x 2 7) dx:/<x2+2—7> dz
x x
1 3
= 3% +2zx —Tn|z|+ C.

5.

/(Set + Vi) dt = /(3et + /%) dt

_ t i3/2
—3(e)+3/2t +C

2
=3¢l + §t3/2 +C.

Exercise 9.2.1.

3
2

+x+C

X

/(a:+\/5)(af+1) g —

2
Jz 3

Example 9.2.2. Find the function f(z) whose tangent line has slope 423 + 5 for each value
of  and whose graph passes through the point (1, 10).
Solution. The slope of the tangent line at each point (z, f(z)) is the derivative f’(z). Thus,
fl(x) =42®+5
and so f(x) is the antiderivative
/f’(a:)dx: /(4x3+5)da::x4+5x+0.

To find C, use the fact that the graph of f passes through (1, 10). That is, substitute x = 1
and f(1) = 10 into the equation for f(z) and solve for C to get

10=(1*+51)+C or C=4.

Thus, the desired function is f(z) = 2% + 5z + 4. [
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9.3 Integration by Substitution (“reversing” the chain rule)

Motivation
Let f(z) = (22 + 32 — 5)'°. We can compute f’(x) using the Chain Rule. It is:

f'(z) = 10(z* 4 3z — 5)7 - (22 + 3) = (202 + 30)(2® + 3z — 5)°.

Conversely, we have
/(2036 +30)(2® + 3z — 5) de = (2® + 3z — 5)10 + C.
How would we obtain this indefinite integral without starting with f(x)?
Let u = 2 + 3z — 5. Thus
du
o 2r+3, or du=(2x+ 3)dz.
|

Therefore,

20z + 30)(z? + 3z — 5)° 102z + 3)(2% 4 3z — 5)° dz
(

= [ 10(z* + 32z — 5)? (22 + 3) dz
a/—/ —_——

du
= / 10u° du

= ulO +C (replace u with 2% 4 3z — 5)
=(* 43z -5 +C

More generally, we have

Theorem 9.3.1 (Integration by Substitution).

[ oy @ s = [ s du

Key idea: Make a guess u = g(x), realize the integrand as a product of f(u) and u'(x).

Example 9.3.1.
/(Qx + 1)y
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Solution. Let u = g(x) = 2z + 1, f(u) = u?*1. Then du = 2dx.

N |

2019 ;. _ 2019
/(2x+1) dzx = /(2x+1) 2 dx

flg) 9@

1
=3 /u2019 du

’LL2020

~ 2% 2020
(2.’E 4 1)2020

= w0 ¢

+C

Remark: usually, it is more convenient to write:

1

1 d
/(Qz 4 1)29y = /u20192du ((]i; =2=dr = id“)

u2019
2% 2020
(2.’E + 1)2020

= w0 ¢

+C

7
E le 9.3.2. Eval —— dx.
xample 9.3 va uate/_ggc_i_1 dx

d
Solution. Let u = —3x + 1, then d—u =-3,dx = f%du.
T

/ 7 /7 du
——dx = | — —
—3x+1 u —3

St
3 Uu
zgln\uH-C

:—gln\—Bx—i-l]—i—C.
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Example 9.3.3. Evaluate / vz + 3 dx.

Solution. Letw = x + 3, then z = u — 3, dv = du, so,

/xmdx:/(ug)u%du
—/(ug—Sué) du

2
= Zu? —2u2 +C
5
2
= C(@+3)% — 2z +3)

Exercise 9.3.1.

2 E
1. /\/3x+1dx—9(3x+1)3+0

1 1
2./ dxr = —1In|ax + b| + C, where a # 0.
ar +b a

L1y o

1
_1y100 5 _1)102
3. /x(:z: 1) dx 102(.%‘ )7+ o1

Example 9.3.4. Evaluate / 2™ 5 dg

Solution. Let u = g(x) = 2 + 5, hence du = 2z dx.
1
du =2zdx = idu =xdx.

We can now substitute.

3
2

+C.

9-7



Chapter 9: Indefinite Integrals 9-8

1
— 56“ +C  (now replace v with 2 + 5)

1 CL’2+5
= - C.
26 +

Remark: Sometimes, we even do not need to introduce the new variable u, just keep in mind
which part should be regarded as u = g(z).

1 . ]
/xex2+5 dx = /2ex2+5 d(z* +5) (Regard u = z* +5)

1
= §€x2+5 + C
[
Example 9.3.5. Evaluate / 23/ xd + 1 dx
Solution.
1
/m3\/:c4 +1de= /4\/:54 +1d(z* 4+ 1) (Regard u = z* +1)
1
[
Example 9.3.6. Evaluate / dx
rlnz
Solution.
/ L g —/1d(1' )(Regard u = Inz)
xlnx xr = lnx nr g u=1mnaox
1
= / — du
u
=In|ul+C
=In|lnz|+C.
Remark: To avoid mistakes, we can take the derivative to verify our answer. |

Exercise 9.3.2.
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1
1. /3336:”4 dr = 16904 +C.
2. /Gx\/x2+3d:): = 2(x2+3)% +C.

2
3. /ex\/el’ Flde= (" + 1)2 + C.

4. /(2$ —1)(2? — )%z = i(302 —x)!

9.4 Integration by Parts (“reversing” the Leibniz rule)

Motivation

Let u(z) and v(z) be differentiable functions. By the product rule, we have

i(uv) = udl + vd—u
dx  dx

or
dv d du

u% = %(uv) - U%

Integrating both sides with respect to =z,

which is

or

Key Idea: Write the integrand as product of u(z) and v’(x), then integrate by parts.

Example 9.4.1. Compute / xe® dx.
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Solution.

/xexd:v = /mdex (u=uz,v=c¢e")
= xex—/exdx

= gzt —e*+C

Question: What happens if we let u = ¢* and v = %x2?

/xew dz /ewd (11:2>
2

123:

= 2% — | Z2?de”

2 2
_ 1 2 x 1 2 x : |
= 23: e 2:c e®dr (More complicated!)

Example 9.4.2.

1 1
/ajlnajd:n = /ln:l;d <2x2> (u=Inz,v= 5:52)

1

= §$2 Inx — §$2 d(Inz)
1 1

= %mQIHx—1/2mdx

= 5:1321111'—1:132—1—0

Question: What happens if we let / rlnzdr = / xd(?)

v'(z) = Inz, not easy to find v!

Remark. Choose proper u and v such that:
1. it’s easy to write the integral as / wdv;

2. it simplifies the problem after integration by parts.

Exercise 9.4.1.

1 1
1. /xQIde:U: gm?’lnx— §I3+C

1 1
2. /xaxdx:xax— a®*+C, (a>0,a#1)

Ina In?a
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Example 9.4.3.

/lnmdac = mlnm—/md(lnx) (u=Inz,v=u1)

= :nln:n—/ld:x

= glhex—-z+C

Exercise 9.4.2. /loga xdr = xlog, x — li +C
na

. . . . . Inz
Hint: either integration by parts directly, or use log, = = La
na

Example 9.4.4. (Integration by parts twice)

1.
/x2ex dr = /J: de”
— 2 z /
= /2:}06 dx
= /Qx de”
= 22" —2(xe” — | % dx)
z2e” — 2(ze” — e + O)
2% — 2xe® + 2¢% + ('
2.

/ln2 T dx

zanx/xd(IHQx)
1
= zanx/x-anx-cm
T
= xan:U/Zln:pdx

= xanx—ZJ:lnl‘—F?/xd(lnx)
= zln’z—2zlnz +22+C

Exercise 9.4.3. /(5172 + 2z 4 3)e® dx = (2* + 3)e” + C.

9-11
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9.5 Integration of Rational Functions

Rational function:

p(z)
R(x) = ,
@) q(x)
where p(z) and ¢(x) are polynomials with ¢(z) # 0.
How to integrate / @ dx?
q(x)

9.5.1 |degq(z)=1:¢(x)=ax+b,a#0

Let a # 0. By long division,

r

p(:L‘) long division

Alz) + ,
ar+b ~— ar+b
polynomial v

know how to integrate!

where A(x) is a polynomial and r is a constants.

1 1 1 1
/ dx:/-d(a:c+b):1naa:+b|+0
ar +b ar+b a a

Example 9.5.1. Evaluate
/ 22+ 3z +5
—dx.
x+1

Solution. By the long division

T+ 2.
x—i—l) 22+ 3x+5

22—z
245
—2x—2
3

So,
/Wd:c:/(x+2)+£+ldx

2

:%+2x+3ln|x—|—1|+c.
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9.5.2 |degq(z) =2:q(x) =ar* +br+c,a#0

p(l‘) long division A( ) rr—+ s
T 20 S - B i T e
ax? +bx +c —— ar’+br+c’
. —_——
polynomial our focus!
rr 4+ s
3 subcases for ——————du:
ar® +bxr +c

(i)A >0, (ii)A=0, (ii)A <O. (A = b% — 4ac)

case (i) : A > 0,az’ + bz + ¢ = a(z — 21)(z — 29), 11 # T2

rr+ 8 A B
2 = + ’
ar*+br+c x—x1 T — X9

which are called partial fractions.

ox — 7
—dx.
/x2—2x—3 v

S5x — T A B
@—3)a+1) 2-3 x4l
Se —T7T=Ax+1)+ Bz —3)=(A+ B)z+ (A—3B).

Example 9.5.2. Evaluate

Solution. Suppose

Hence
A+B=5A-3B=-"1.

/ b — 7 d / 2 n 3 d
— dzx= | — x
2 -2z —3 r—3 x4+1

=2ln|z—3|+3ln|z+ 1|+ C.

So A=2,B=23.

xr—2

Exercise 9.5.1. [ —————
/ 222 — bx + 3

1
d$:—§IH|2x—3|+ln|x—1|+C
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case (ii) : A = 0, a2’ + bz + ¢ = a(x — x1)?

Express
ar +b A B

a? +br+c z—a1  (z—1)

/ o

20 — 1 A B

(a:—2)2:a:—2+(x—2)2'

5"

Example 9.5.3. Evaluate

Solution. Suppose

Hence
20 — 1= A(x — 2) + B = Az + (B - 24).
Thus
2=A,-1=B-2A
A=2B=3.
/2:1,-—1_/ 2 n 3 d
@=22 Jo—2" @-22"
:21n\x—2\—i+0.
xr—2
[ |
4 2
Exercise 9.5.2. /(2;1_1)261:6 =2z — 1] - 2w — 1 +C

Remark.

1. the subcase (iii) A < 0 involves trigonometric function, and it is not required in this
course!

2. For other cases deg q(z) > 2, the idea is the same: apply partial fraction decomposition,
which is not required also!

Example 9.5.4. Evaluate
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Solution.
3+ 2.
x2—1) z°
—x5+a:3
3
—2+z
x
2 = (2? - 1)(z® 4+ 2) + =
x z - 1 n 1
2—1 (z—1)(z+1) 2@—-1) 2x+1)
Thus
° 3 1 1
v d
/x2—1 /x Tty Ty T ™
4 2
T T 1 1
= 4+ 4z —1]+=1 1
7ty tghle—1f+ghz+1f+C
[
4a? — Tz +5 2
Exercise 9.5.3. /de:4x+ln|x—1|—+0
22 —2x+1 x—1



